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AN EXPRESSION FOR THE SURFACE OF AN ELLIPSOID IN TERMS 
OF WEIERSTRASS’S ELLIPTIC FUNCTIONS.* 


By Pror. James H. Boyp, St. Paul, Minn. 


It is proposed in this paper to give a simpler solution of a problem already 
solved by Weierstrass (Schwarz) and others. 
The equation to the surface of an ellipsoid being 


(1) 


any point of it may be defined by the equations 


(a—u(a—v) ¥ _(F—u)(P—v) _ (@—u)(e—v) 


in which w and v are independent variables, called the “ elliptic coordinates ” 
of the point (7, z).+ 
Now the element of any surface defined by 


(u, 0), 0), (3) 


in which 7, 7;,,7; are algebraic functions, may be expressed as follows :— 

We suppose the surface defined by equations (5) has in it two systems of 
curves (7 and J. It is also supposed 
that the curves in each system (’ and 
V are consecutive ; i. e. are indefinitely 
near to each other. Let there be two 
curves of the system // indefinitely near 
to each other, along each of which v is 
constant, viz. v = ,3, 3 + ¢, respectively, 
where ¢ is an infinitesimal of the first 
order ; also, let there be two curves of 
the system V, indefinitely near to each 
other, for which u has the two constant 
values wu = a, a + ¢, respectively. Let 
the point (u = ae = 3) be represented 


* Read before the New York Mathematical ‘Society, June 4, 1892. 
+ Joachimsthal’s Anwendung der Differential- und Integral-rechnung auf die allgemeine Theo- 
rie der Flichen. § 68, p. 136, 
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2 BOYD. AN EXPRESSION FOR THE SURFACE OF AN ELLIPSOID 


by («= p)by (u=a+e0=f + 2) by P, (u=«,v= 
3 -- ¢) by #, Then, since the curves are indefinitely near, the surface- 
element /’/’,/?,2, may be regarded as a plane parallelogram (omitting infini- 
tesimals of the second order), and its area will be 7) P,P, sin@. If the 
coordinates of 7, be x, y, 2, those of P, are 

2+ du, y+ du, 24 du ; 


e 


and of 2, 


e+ x de, 2+ 5 dv 
Hence the values of cos 4, 7? P,, P,7,, and the surface-element 7Z are 
PP,—-PP E 
PP, 
P.P.=vVF .du, 
PP, =v G.de, 


|, .dudv; (4) 
4 a 
cll ev cu cv ct cv 
r= (Ox)? tab (dz)? 
G [ * [ 


Since /Z is the surface-element for the surface defined by equations (3), 
we may employ the expression for 7Z in (4) in the case of the ellipsoid by 
taking, instead of 7, ,7,,.7;, the values of , y, z obtained from equations (2) ; 
then construct the partial differential expressions EF, F, G; and finally 


FG — whence 


L= ff FG — k*. du. dv 


>u 


in which compatible with (1) and (2), there always exist the relations a* > 
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We shall now show that (5) can be expressed in terms of a- and p-func- 
tions. 


Let 
(t) = (t—&) (t(— (t— 
Rk, (6) 
where 
D=— R=0; 
then taking a new variable s such that 
o t= 
t s—s 


where s, = 4 C, one may easily verify 


dt ds 


= = = (7) 
1 + 
where 
S = 4 (s — e,) (8 — (8 — e,), dt. 0, 
ds 
and 
= (Cb? — + ea’), 
2 
(8) 
+ = (Pe — 2’? a+ 


+ 
Therefore, multiplying (7) separately by ¢ and (== 
grating between the limits /° and ¢, which correspond to the limits ¢, and s, we 
obtain the transformations 


»» and inte- 


t 


be 


Cdt 


and if we suppose s to take the values s,, s,, when ¢ takes the values «, v, 
respectively, as in (5), then 


I s 
4 

; 

| 

J 

f 


4 BOYD. AN EXPRESSION FOR THE SURFACE OF AN ELLIPSOID 


and from the inequalities < <a’, with the fact that is nega- 
tive in (8), we have the conditions 


Also, placing 
(12) 
there exist the relations 
(13) 
28, 
hence (5) with the aid of (9), (19), (12), (13) ean be put in the form 
" 
58], 
q 


where ¢/ (s,, 8, 8.) represents the half of the ellipsoid above the y-plane. 
We shall now use the Weierstrass definition of the p-function :—* 


If 
in which e, > ¢, > ¢, and e, e, + e, = 0, then z = pu. 
Hence, if we put 7— — 1 and write + 
x 0 
= f = J - dt 
Sve 
x 
f ds 
eo, = y? 
| S 
(15) 
8, u 
ds dt 
be 
* See Enneper’s Elliptische Functionen, § 6; or Halphen’s Fonctions Elliptiques Ch. III, (1), 


(2). 
+ An accent written before a sign of integration indicates that the path of integration on the 
complex-plane is a straight line 


i 

} 
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we shall have 


wo, —ki= ds 
N 
w, + k, = 
and 
= p(w, — = p(w, + ky). 5 me) 
Using the relation s, = p # in (14) we obtain 
eV, 


We next transform the integrals in (12) to an independent variable /, 
where 


(w, hk) Wy =f" ’ 


— ds — ids 
ia 
VN S 


and, by (16), the limits e, and s, are to be replaced by 0, — 4,/, and the limits 
& by 0, &,; whence 


Ddk Ddk 
k)— pw’ p(o, + k)—pw’ (18) 
and, multiplying by Dp? 
pw. pw = y 
p (eo, + k)— pw’ if, say, 
(19) 


0 
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6 BOYD. AN EXPRESSION FOR THE SURFACE OF AN ELLIPSOID 


We next caleulate (/,, /,, by means of the formula* 


k 
0 
= log (w Wy) ~G (w ,) 2 a (w) 


a(w k—w,).a(w + a 


Also, we have the transformation formule + 
a (w — w,) = — aw .aw,. 
a(w + w,) = aw 
a(w —k -+- w,) = 4,(0w — k). 


a(w k— w,) — —a,(w + kh). 
k 


Finally, after substituting these values in the expression just deduced for f 
0 
we shall have 


k 
hk) — pw log a,(w k) + 2 (w).k. (20) 
0 


For the integrals 7/, and /, of (19) the limits are respectively 0, — 4,7 and 
0, 4,; whence, introducing these in (20), we obtain for the integrals of (19) 


a, (w — 


= log — + 9 (wr) (21) 


a,(w + ky) 


Using the notation of (19) in (17), we have 


_ fel, ( D3 


But from (15) and (6), (8) 


1 ] * 


* Weierstrass and Schwarz’s Elliptic Function Formule, § 60, (1) : 
+§ 18, (3). 
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and, from (16) 


ds, 
dw 
whence p'w/)) = 1; and (22) becomes 
ol, 
1 2 ‘ 
(Sy, $1, ow /, 1 ow (23) 
From (21) 
(w + ka) — (w — ki) + 2pw. ki, 
of, (w ) (w ‘fe k,) (24) 


Again in (21) writing w, for — 4,7, and «, for /,, and using Weierstrass’s 
formula* connecting 4, + 2 w,) with 7, we obtain 


a, — Wy) a, — 


lo =z fe = — 27,w + n=0; 
+ ws) (Ww — ws) 
therefore 
a 
if, = — + + 2 = (w).w,, n=O, 
a 
1, = — 2y,w 4-2 (w). a, (25) 
and 
es, P on 
ins 2(4, + pw.as,), 2 (4, + pw. a); (26) 


whence from (23) 


a 
— — 7, w -- W).M. 


(27) 


(8), 8,) ; 
— pw.w,, — — pw.w, 
which, on subtracting w times the second row of the determinant from the first 


and factoring, becomes 


OM, 
(8, 8) — F (1) +. Ww pe] (28) 


—%—pw.w,, pw.e, 


* Weierstrass and Schwarz, p. 22, 3rd column. 
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But the determinant in (28) reduces to 
— W, =} * 


hence the total surface is 


2 h (8, = 47 (w) + w pee]. (29) 


ds 


g may be found in treatises on Elliptic 
A 


The method of computing 
| 


Functions, and the value of : (w) is obtained by taking the logarithmic differ- 
ential of 


1 
wz 
w 
while pw is given by the formula 


log av , (31) 


pv = — 


thus completing the theoretical discussion of the problem. 
By way of example we may take the case of the sphere, 7 = a= 4b=e, 
and from (6) and (16) 


dt dt 
which on placing ¢(¢— — t, becomes 


But from (8), when « = 4 = «¢, then 


whence it follows that 


a 


and 2 ¢/ (s, 8, 8,) = 474°, the surface of the sphere. 


*W. and 8., § 7, (5). 

+W. and §., § 6 (1) and § 7. 

t Enneper, § 6, (21). 

§$W. and S., § 8, (3); $9, (6). 


} 
| 
im 
F 
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If ¢ = 4, then from (15) we shall have 


wf dt 
J (¢—P)yve—at’ 


x 


which, by putting — at — — t, becomes 


Sz 9 
wad tan~* — 
abe ahe ae 
and from (8) 
¢ Fé, == = — Be. 


Therefore 


(Day) 2 ‘ 


Mg, 


Weierstrass and Schwarz § 10, (1) and (3), furnish the equations 


pw =| |*_* 
gin’ | 2 | 
w 
wr 
(w)— wpwe= + cot 
9 
w 
Multiplying (36) by = we we obtain 
wz 
ae’ 


* Halphen’s ‘‘ Fonctions Elliptiques” V. I. p. 27. 
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(36) 


(37) 


(38) 


(39) 


(40) 


(41) 


(42) 
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10 BOYD. AN EXPRESSION FOR THE SURFACE 
whence, 
sin == cos sin 
wn 
COs 
20 
w* gin-e 
20 
] 
2w de 
Substituting these values for sin5” , , cot 
2w 
from (38), in (40), we shall have 
a 
(w) w pr sin '¢ 
a 2e 
and finally, 
(wr) + w pw] = + 
a 


the total surface of a spheroid.* 


OF AN ELLIPSOID. 


(43) 
z abe 
from (43), and es 
(44) 
, (45) 


*See Williamson’s Integral Calculus (1884), p. 258 (1). 


Fen. 14, 1892. 
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ON CERTAIN DETERMINANT FORMS AND THEIR APPLI- 
CATIONS.* 
(SECOND PAPER.) 
By Prof. W. H. Ecnots, Charlottesville, Va. 

1. In my first paper on this subject (Annals of Mathematics, VI, 5) I pre- 
sented in an elementary manner certain determinant forms treated by a 
process based on a generalization of Rolle’s theorem, there given, which lead 
to a new method of treatment of these forms, and which culminated in a gen- 
eral functional relation formula at the close of the paper, which was left there 
without further comment than simply its brief demonstration. This formula 
which I have called a composite is one of much generality and great power 
when applied to the expansion of functions in series. It is as an expander of 
functions in converging infinite series, that I propose to discuss it in the 
present paper, limiting the immediate investigation to the expansion of ex- 
plicit functions. 

The first section presents the general statement and demonstration of the 
theorem, with an outline sketch of the method of its application; the second 
treats of the expansion of an arbitrary function #r in terms of rational inte- 
gral functions of 7, illustrating expansion in terms of that class of functions 
which yield a body-determinant unity; while the third section considers the 
expansion of the function in terms of certain transcendental functions, espe- 
cially exponential forms and trigonometrical functions, illustrating expansion 
in terms of that class of functions which give the body-determinant as a 
ditference-product. 

I. THe Compostre and Its DEMONSTRATION. 

2. We have 


- 0, (11) 


| ” om 


«Read before the Mathematical Section of the University of Virginia Philosophical Society. . 
ANNALS oF MatHematics. Vol. VII, No. 1. 
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wherein —1, the functions y,,..., y,, 7, ..., @, are independent 
of; the notation 7,7, means that fv is to be differentiated 7 times with 
respect to “; and in the result, 7 is to be replaced by «,. 

Also 
De 


P (u) = 


wherein /) is the determinant derived from the above determinant (11) by the 
deletion of its last row and column, and the notation /)’*+!' means that the 
(y 1)th derivative of with respect to 7 is to be taken and in the result « 
replaced by v. The determinant J/ is that one obtained by the deletion of 
the first column and last row in (11), and with a corresponding meaning 
attached to 

The quantity « is some unknown quantity which lies between the greatest 
and the least of the quantities 7, 

The usual assumptions are made with regard to the continuity and finite- 
ness of the functions dealt with. 

The determinant (11) I ventured to name a composite, inasmuch as it is 
composed partially of the form of an alternant, and partially of a form which 
is that of a Wronskian. With this distinction, however, in the case of the 
latter ; that the quantities under the derived functional signs may in general 
be entirely independent of each other, and are independent of the correspond- 
ing quantity ” under the primitive functional sign. 

The proof of the theorem is very simple, and as follows :— 

In the determinant (11), strike out the last row and column, calling the 
result J). 


Let 
dD Mh, 


where J/ is the determinant left after striking out the first column and the 
last row of (11), and 7? is some unknown function of «. 

Let ., be some fixed value of z. Substitute ~, for 7 in D = MRP, and we 
have 1), = M,/, (using the subscript to denote that « has been changed 
into «,). 

Consider the function 


D— MR, 


which for brevity we shall call ¢. Indicating the derivatives of ¢ with respect 
towby¢’, ¢”...,¢", we have ¢ = 0 for x == y,,...,¥,, also Hence 
the first derivative of ¢ must vanish for some value of between the greatest 
and the least of the quantities ~,, y,...,¥%, (by Rolle’s theorem), say w,. 


t 

4 

t 
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But, ¢’ vanishes for « = ,, therefore ¢” must vanish for some value of «, say 
tu, Which lies between wu, and z,. And so.on, until finally the (¢g + 1)th deriv- 
ative of ¢ must vanish for some value of «, say «, such that wu lies between 
wu, and «,, or in fact, between the greatest and the least of the quantities 


Dit Me’ R= 0. 


Therefore 


or 


D, + M, = 0, 


letting (— 1)" Mx) represent the ratio Dét'/Mi*'. Now if x, be any value 
of x for which fx and its g + 1 derivatives are finite and continuous, then will 
this last relation be true for all such values of... We may therefore drop the 
suffix, and write generally 


D4 (—-1)" M Mu) 0, 


which establishes the proof* of the formula (11). 

In order to exhibit more clearly the nature of the preceding general for- 
mula, consider it in the following manner. Let us assume that the possibility 
of the development of a function /x in terms of the functions ¢,r, ¢.«, ete., 
has been demonstrated, so that we have the development 


Se =A, + + 4+... 4+ On +..., 


in which the coefficients a are constants to be determined. 
Consider the function /’r defined by the first » terms of the above series, 
so that we have 


Fe = dy + + A, 99 +... ¢,2. 


Suppose that the functions ¢g,7,..., ¢,7 are such that the operation of 


* Everyone will recognize in this demonstration the method of Homersham Cox’s proof of 'Tay- 
lor’s formula as given in Todhunter’s Calculus, the Encyclopedia Britannica, and elsewhere. 


yf 
Ds" 
Dd, M, Ms ’ 
= “ 
i 
| 
| 


14 ECHOLS. ON CERTAIN DETERMINANT FORMS AND THEIR APPLICATIONS. 


differentiation* may be performed upon them x« times. Then, differentiating 
this last identity ” times, we form the ~ equations 


= Gy + Gy + 


f= 4,982 + 4,9, 74+... 49,2, 


Fe = a, + +... Gre. 
Solving these for the a@’s, we have 


= (— Fee 


Since no restriction has been placed on the value of x, we may make 7 as 
large as we choose. When » approaches infinity, /% converges to fv as a 
limit, and the value of a, is 


a, = (— 4 P) 


Since in each of the equations above, we may substitute for « after dif- 
ferentiation any arbitrary constant (which does not disturb the equality sign), 
we have for the value of a, the same expression as will be given by the expan- 
sion of the composite. The foregoing illustration is very instructive ; it is the 
method employed by Fourier in discovering his celebrated expansion in terms 
of sines (Théorie de la Chaleur). We may regard this method of procedure 
as the equivalent of the ordinary method of indeterminate coefficients when 
applied to the expansion of functions in series, which when the series has 
been shown to be possible, furnishes us a means of determining the values 
which the constant coefficients must have. As to the possibility of such a 
development we proceed now to further examine. 

3. The particular case of the composite which we propose to discuss here, 

* We are not limited here to the operation of differentiation, for we may, instead of differen- 
tiation, perform any other operation admissible on these functions, and get the same results. We 
may thus perform the operation of finite differences, indicated by the symbol J; or that of en- 
largement, indicated by FE. Indeed any operation, say indicated by §, leads to the same result ; but 


that result may be absurd, that is to say, a mere analytical form without arithmetical meaning. 
+ For the notation J (7, p) and J, see below. 


r 

| 

| 
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is that in which p = 1, and fr, fy, are also each unity, so that we have for 
our present purpose, 


Puy, VO, O , O 


The general outline of treatment is as follows :— 

Expanding (12) with respect to the last row we get two determinants ; the 
term involving #(w) we always represent by 7”. The second of these deter- 
minants we break up into two others by means of its second column. One of 
these is a function of 7 and is independent of , we therefore regard it as a 
constant term, and represent it by /y when it becomes necessary to refer to it 
briefly. The second of these is a function of « which we represent by Fv, 
noticing that z enters it identically as y enters /’y, we shall therefore generally 
tind it necessary to discuss only /’v in determining the form of the expansion. 

Writing out, we may have the form briefly expressed as 


Fe Fy + (13) 


The function /’z is the one which will chiefly demand our attention. Re- 
garding this, we observe that it may be written out in either of two ways: 
first, with respect to its first row, in which case we have a series of terms ar- 
ranged according to the gv functions ; second, we may write it out with regard 
to the first column, and thus obtain a series of terms arranged according to 
the derived functional forms /’7,, 77, .... We shall usually make all of the 
arbitrary constants equal to some single arbitrary 2. 

In general, to expand an arbitrary function f~ in terms of functions ¢,.”, 
¢yt,..., ete., consider /v in (13). This determinant may be written out with 
respect to either first row or column. Represent by J the determinant /% in 
which its first row and column have been struck out. Represent by J(7, p) 
the determinant J in which its 7th column and pth row have been struck out. 
We then have for the expansion of /x with respect to its first row, 


Fr 
= fa 


r 


1 


] 

/ 

! 

{ 
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and with respect to its first column 


By the aid of which we write down at once the expansion of (12) with respect 
to first row and column respectively as below, 


Su — Fy — ¢,y) (- fe (16) 


p 
= 


fe — fy (— (—1)'*! (¢2—¢y)+ (17) 

In order that we may write this formula to infinity (that it shall become 
a convergent infinite series), /? must be evanescent when z is infinite, and the 
successive terms begin with finite values and diminish in absolute magnitude 
after some fixed term, according to the laws which define convergent series. 

In general the first point for consideration is the ratio J(7, p)/J, which 
must be finite when 7 is infinite, for small values of 7 and p; and become 
evanescent, when 7 is infinite, for infinitely large values of 7 and p. This 
being so, then the coefficients of ¢,7 or /”z in the series (14) or (15), respec- 
tively, will be convergent series with arithmetical values whenever the func- 
tions we are dealing with are finite and continuous for the values of the 
argument indicated. Yet some of the series which we shall derive waive this 
injunction of continuity. 

It will soon be seen that the application of the composite to the expan- 
sion of functions after the manner above, is limited only by our present 
imperfect knowledge of determinants when we come to evaluate the ratio 
[Mr, p)/ 

Although the ratio | J(r, p)/4|,—, may be determined and found to be 
such as to satisfactorily fulfil the law for converging series ; yet, at no time, 
have we the right to leave off the /2? and extend the summation to infinity with- 
out having previously ascertained that /? becomes evanescent when x becomes 
infinity, thus showing that the quantity under the summation sign converges 
to the member on the left as a limit as ~ becomes infinitely great. Under 
these circumstances only can the member on the right, when written to infinity, 
without the /?, be regarded as the arithmetical equivalent of the member on 
the left of the equality sign in series (16) or (17). 

_ The examination of the remainder for the general series is not a simple 
matter. In the case of those series of the first class the remainder can at 
once be written down and examined ; for the higher order of series the general 


| 

| 
4 
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form of the remainder may, of course, be given; but until the form of the 
series-functions is given, we cannot tell what becomes of ? when »~ is infinite. 
Using the same nomenclature as in § 2, we may get an expression for /?, 
as follows: The determinant got by striking out the first column and row of 
the composite we call the body-determinant of the composite, and will always 
represent it by the symbol J. 
Disregarding the sign of the remainder, we have from (12) 


M Wu). 


Since J is the coefficient of fy and fr in the expansion, and as we shall always 
divide through by J, we may put for the remainder 


R= 


_ De 
Since Fx — Fy, we have — F"*'(u) ; whence 
Mi 
M 


r=1 p=1 J 


Mot 


We derive another and more convenient form of the remainder by ex- 
panding (12) by its second column, then each term by its first row ; whence 


and on dividing the series through by J, we obtain 


R= (Engr? — Pu) (ii) 


n Pp 


+1), n+l (—1)"'! 


bell 


3 f 


In this case we have to notice that the coefficients of the ¢ functions 
themselves are infinite series, which have remainders involving (wu), and which 
require examination in like manner. 

We notice that the expression within the brackets in (i) and (ii) is but the 
(x + 1)th derivative of the first x terms of the series, w replacing « after dif- 
ferentiation ; if, therefore, the series is a convergent one, then when » is infi- 
nite this expression vanishes, and /? is a zero identity in virtue of this relation. 
The limiting value of /, however, must be obtained through investigation. 


ia 
| 
‘4 
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In the following two sections I shall make no attempt to investigate the 
remainder or the term represented by /?. I have thought it best to devote 
them to the deducing of special forms of series with the immediate purpose 
in view of illustrating a general method of operation in deducing the special 
forms of series, reserving the direct investigation of /? for a separate paper. 

In order to be explicit, we repeat that /2 is the symbol used to represent 
the terminal term when the determinant (12) is expanded with respect to either 
first row or first column, in the following forms respectively : 


je ty + Ay + A, R, 


The symbol 72, being merely a general symbol meaning the remainder of 
the series after the terms A,¢,” or B,f"z,, is not to be taken as having the 
same value in the two cases. The coefficients A are independent of the vari- 
able ., while the coefficients B do not involve the form of the function fr. 

4. In applying the composite to the expansion of functions we shall have 
use for the following general theorem : 

If in (11) the functions 7,7, fz, ete. be such that they may each be ex- 
pressed by an infinite converging series in terms of integral powers of the 
variable, and if the 7th power of the variable be not included in any of these 
series, then the row of the composite which is composed of the rth derivative 
forms of these functions must be omitted from the composite.* 

In order to prove this we take up Taylor’s formula (4), thus, 


afh + 
If the 7th power of the variable be not contained in the series, then 


in which, if 7 = 0, we have 


fh =0. 


Hence, in the composite, if after differentiation we put z — 0, then all of 
the constituents in the row of rth derivatives vanish, and the composite van- 
ishes identically. This row must therefore be omitted from the composite. 

That the truth of the general theorem still holds when this row is omitted, 
we may see by going back to the demonstration given in § 2. The analysis is 


* The same theorem, of course, applies to any set of functions which are such that the rth 
derivative row vanishes when a particular value be substituted for the variable after differentia- 
tion. An important application of this principle is given later, wherein this particular value of 
the variable is infinity. 
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the same, word for word, until we reach the row in question, when we find that 
the (r — 1)th derivative of the function ¢ vanishes for some value of x, say 


v,,, Which lies between 2,_. and ~,., and also vanishes for z = r,,. Hence 
the 7th derivative of ¢ must vanish for « = v,, where w, lies between v,_, and 
“,; But the sth derivative of ¢ vanishes when a = 0, because all of the first 


row becomes zero when « = 0, by the above. Hence the (7 + 1)th derivative 
of ¢ vanishes for w,,, which lies between 0 and w,, and so on. The only 
change in the result being that we must include zero among the arbitraries 
between the greatest and least of which « lies. 

‘The same method of reasoning applies to any number of missing powers 
of the variable. If the functions contain only the even powers of the variable, 
the composite cannot contain the odd derivative forms. If they contain only 
the odd powers, the composite contains no even derivative forms. This im- 
portant theorem will be useful in expanding such forms. 


II. Rartonat SERIEs. 


5. The forms included in the first class of functions to which we give 
attention comprise all of those functions which are such that their derivatives 
on one side of the main diagonal of the composite can be made to vanish. In 
this case the body-determinant is always unity, and the coefficients in the ex- 
pansion are determinants which may be written out into recurrence formule. 
The rational integral function is the type of this class. Examples of other 
functions than rational integers which belong to this class will also be given. 

Since we may factor out the coefficient of the highest power of 7, we 
may, without loss of generality, use the rational integral function in the gen- 
eral shape 


Pot = 2" + pa +... + Dn» 


and consider the expansion of an arbitrary function 77 in terms of the rational 
integral functions ¢,2/r!, where 7 takes successively the values 1, 2, 3,.... 


4 
| 
| 
q 
| 
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We have, then, the following general theorem : 


fe 9!’ 3! : +1)! 


»1, gy, Bat (n+ 1)! 


| 
» “OF (xn — 1)! n! 


| Put, =. (18) 
| fm, 0,0 ,1 (n —1)! 


,0  ,..., 0 
This when expanded with respect to the first column becomes 
Se = fy —C,f'a, + Of’ a, — CO +... +(—1" fra, + (19) 


wherein the coefficients C, C.,..., are to be determined from the recurrence 
formula 


(—1y#! (20) 

Now ¢,# contains 7 arbitrary constants, and at each differentiation an 
additional constant is introduced ; so that ¢,” and its derivatives contain 27 — 1 
arbitraries ; and if in this list we include the y of ¢,y, then the (7 + 2)th 
column contains 27 arbitraries. Hence it follows that the coefficient C, con- 
tains (7 — 1) (7 + 2) arbitrary constants, of which 7 — 2 are held in common 
with C..,. So that each term of the series brings in 7” new arbitrary constants, 
all of which are at our disposal for the creation of special forms. If we choose 
we may write the constants so introduced by each term as a complete deter- 
minant. 

If we expand (18) according to the form (13), then considering Fz, we 
may write this out with respect to either first row or colunm. 

Thus writing with respect to the first column, we get, 


fe = fy + B, + B, fa, + Bf” e,+...4+ R. (21) 


f 

| 
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In which 2, = A(x) — A,(y), and 


r 
| 


| 


Replacing « by y in this we have A(y), which may be written as a recurrence 
formula. We now pass to the consideration of simpler forms. 
6. Consider the expansion of fz in terms of the functions #”/7!; then we 


have 


0,0,0 ,..., 0 , 1 | 


a formula which was given with an independent demonstration in my first 

paper, and which we now propose to study somewhat in detail. In this 

formula, to repeat, w is some unknown quantity which lies between the greatest 

and the least of the quantities, a, @,,..., @,, 7, and f’a, means that 77 is to 

be differentiated 7 times with respect to 7, and in the result 2 changed into a,. 
This determinant may be written out thus : 


Jue = fa, — A, f’a, + A, —... 
+ (— 1)" A, + (—1)"F (23) 


wherein the coefficient A,. is the determinant which is obtained from the above 
determinant by the deletion of the first column and the (7 + 2)th row. Thus, 


j 
| 
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a 
ay ay 
A, = a," (24) 
: 


This may be written out as a recurrence formula ; thus, 


2A... 
af —a" 


This function A, is a rational integral homogeneous function of the 7 + 1 
quantities 7, a,...,,.,. Its degree is 7, and it contains 2’ terms. For con- 
venience of reference the first four values are written down, 


A, = —(«—4,), 
A,= + -- — a, (« — a), 
A, —}, (a —a,*) + Ja, (a —a,?) —a,4,(@ — a) + 3,47 —a), 
A,= — — a,°) + 3, a, 4, — a,”) — a, a, a; — ay) 
(a — a) + (2? — a”) — a, a? — a) — (a —a,). 
In actually computing the values of A, it will generally be best to use 
formula (25). We observe that A, vanishes when 2 = 4; we may therefore 


factor out « — a, from A, under all circumstances. 
7. A, may be written 


a, a," 
‘ at 
1 (x —1)! 1, Ns —1)! 
r—2 r—2 (26) 
a, 
| 0 1 ’ 0 1 ’ ’ (7 2) ! 


| 
| 
| 
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Differentiating with respect to « we have for the derivative of A. 


‘(r—1)! 
(27) 


So that in the process of differentiation the sign of the determinant has been 
changed, the quantity «, eliminated, and the highest power of deleted. The 
form of the function is left unaltered. Evidently, then, in order to obtain 
A,_,, we need only differentiate A,, and at the same time diminish all suffixes 
in the result by unity and change the sign. 

Indicating this whole operation, excepting the change of sign, by (7, we 
have 

Indicating by a superior pretix the repetition of this operation, we have 
(—1y A,. 


We do not usually wish to pass from A’s of higher to those of lower 
order ; on the contrary, we wish the reverse process. To pass from a lower 
A to the next higher order we need only perform the inverse operation to 7 ; 
i. e. integrate with respect to 2 and introduce the arbitrary a,. Evidently the 
operation is of the nature of definite integration. If, therefore, we integrate 
A,_, with respect to 2 and simultaneously increase all suffixes by unity, the 
result taken between the limits a, and 2 will be A,. Thus, if we use I to mean 
“7, we have in symbols, 

A, = A, — de A... 


Indicating as before the repetition of the operation by a superior prefix, 
we may write, 


since A, = — (# — a,). 
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After this manner the coefficients in (23) may be rapidly written down. 
In our new notation series (23) appears as 


fu = fa, + fa, "Th, dx + da +... + dx + dx. (28) 


There is no reason why the symbol I should not include the operation on 
the function fa and its argument, so that 


fra, = 
and if we write for symmetry f"a — fa, and agree that 


"lde flu = fa, 
we have, 


= f'a,. 
The series may now be written 


de fla, fu) de. (29) 


Finally, if for brevity we omit to write the remainder after the (7 + 1)th 
term (assuming the convergency, that the series may be written to infinity), and 
let be a, + A, we have 


F(a, + A) = 21 dz fa,. 


Regarding as the operator which turns fa, into f (7, + 4). we have 


the fundamental operation of the Calculus of Enlargement.* Omitting the ' 
indication of the variable by dx we say briefly that YI = F. 


* The operation indicated by I, used in the sense in which it is above,—including the opera- 
tions of integration, differentiation, and change of the arbitrary constant,—admits of a direct 
interpretation in the particular case 


Ii dx fe =(a—b) f(a). 
This is easily intelligible when the conditions impose d to be that quantity « between @ and > 


such that 
(a—b) f(u) = fa— fo, 


for the operation is then identical with the J of the Calculus of Finite Differences. In this sense 

It may be agreed that I does not act on a pure number, whether it be indicated by symbol or 
not. y 
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8. We have observed that the rational integral function A, contains the 
factor (« — a). A little further consideration will show that, if we remove 
the factor x — a, from the function A,, and in the result make # = a,, we 
obtain 


a wt 


which is the derivative of A, with its sign changed. This function A; contains 
(2 — @,) as a factor, which if removed and in the result we place x —- a,, we 
have A‘, the second derivative of A,, and so on. In equation (23), if we 
divide through by 2 — a, and denote by £&, the function A, deprived of its 
factor 7 — a,, we obtain 


ay 
+ (— 1) + (— 1)" Ba (31) 


In this expression we have to notice that w is in general a function of the 
quantities 2, a, ..., @,, and also involves the form of the function 7 What- 
ever be the nature of the change which goes on in w as the variable z changes 
its value, the form /"*'(w) in which it enters the above relation will remain 
unchanged. Therefore, if 2 converges to a,, we have, on passing to the limit, 


— A, fra, + A, —... +(—1)" Ah fan + (— 1)"*' (4), (82) 


in which w has not the same value which it had in (31), but now has some 
value between the greatest and least of the quantities a, ..., @,. 

Since a, is arbitrary, we may write 1 for a, in (32). Doing this we see 
that (32) is nothing but the derivative of (23) with respect to 7, in which the 
quantity u behaves as if it were independent of x during the process of dif- 
ferentiation, which therefore shows that (22) or (23) may be differentiated with 
respect to 2, regarding wu as a constant in the operation. The result may be 
treated in like manner to get a second derivative, and so on. 

9. Indicate the original function (22) by F, interchange the first and second 
columns, and write it down thus: 


i 

| 

| i 
| \ 
| 
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9 


? 
Je 1)! » Uy 31° (n+ PD)! 


ren), 0, O 1 6,0 ,..., I 


Differentiating, regarding as a constant, we get 

» 1 

So that the operation of differentiation eliminates from /’ the arbitrary 

constant @, a second differentiation eliminates in the same manner ,, and 


sO on. 
Whence 


The inverse operation is, therefore, that of definite integration. Neither 
operation, however, changes the form of the function. 
We have 


1 
FQ Vy Gye BG 


We kh & 
Therefore we may write (22) or (23) thus: 

Pa ,1, 8 


fate fade... fas (33) 
a youn), O, 1 


’ 1, 
da" 
@, 1 
F=f)... 
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This last determinant is, of course, nothing else than Lagrange’s form 


— fra, = (@ — a,) 


10. Regarding (25) as a series, and writing » for the ratio of convergency, 
we have 


—at 


A r A,_1 a; 2 A, 2 1)’ “ 
a, . at 1) as** — 


If now the quantities v, and a,_, are like signed, and numerically 
a, > a,_, for all values of 7, then the ratio in the second member is less than 
unity, when vis large enough. » is therefore less than «, and greater than 
a, In symbols 


Hence, & priori, 


It is therefore certain that the series will be absolutely convergent (the 
derivatives of fx being finite) if a, be numerically less than unity. This does 
not assert that there are not other relations which may exist between the «a’s 
such that the formula may be written to infinity, but it does show that it is 
worthy of investigation for infinite series. 

11. A, is the value of y, as obtained from the system of simultaneous 
equations 


y=1, 
y+ 
LY + 9, 


i 
Be 
4 
a, >p >a, i 
> 446. 
| | 
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That is 


1 2 
1, @, 


Yr = (— 0, 1 a; 


If ~ be infinite, this relation may be exhibited thus : 
— + es A, — + —... = 0 
= 1] — eA, + —... (35) 


We know that A, is a rational integral function of x of the 7th degree, 
which contains 2 — a, as a factor. But we have also learned that its first 
derivative contains the factor « — a,, its pth derivative contains the factor 
av — @,, and so on, until its (7 — 1)th derivative contains « —a,_,. If now 
these a’s be all equal to a,, then A, must contain the factor (2 — a,)’, and it 
cannot contain z in any other form. This being the case, it follows that the 
cofactor in A, must be (— 1)’1/r!, since 


—1—A,+ A,—... 
Therefore 


A, =(—1y& 


when all of the arbitraries are equal. This proof is not altogether satisfactory 
since it requires 7 to be infinite, before we know the series to be convergent. 
Again, we know that 


ae. 
But if all of the a’s are equal to a, then a, is an absolute constant, and 


no longer arbitrary, The operation I in this case degenerates into simple 
integration, and we have,* putting « — a, = y, 


y (36) 


* In order to avoid dependence ‘upon a symbolic operation which is not yet accepted, I shall 
give another proof of this result further on. 


0,0, 1, ... 
| 
ryyv 
| (—1y4,="["ay, 
0 
| 
| 


ECHOLS. ON CERTAIN DETERMINANT FORMS AND THEIR APPLICATIONS. 29 


12. Examining the function A,, we may regard it as a function of any of 
the quantities a, ...,a@,,. It may in general be made to vanish by giving to 
any one of the arbitraries any one of the values which satisfy A,—0. a,_, 
has one such value, a,_, has two, a,_; has three, ..., has 7 — 1 such values. 
We therefore have theoretically a choice of 4 7(7 — 1) values each of which 
when assigned to one of the arbitraries will cause A, to disappear. 

-If all the a’s down to a, are equal to @, then A,,, = 0 if 


a, 
a, = + rai 
For, by the above, 
A, = (— 1p (pen), 
and by (25) 
Putting A,,, = 0, and noticing the identity 
wt — (x ay)"*! (a ay)" 1 | a," (7 a) 
we have 
(x —a,)' —a,)’*" (x — a,)" 
Whence 
a, = dy + (37) 


Furthermore, consideration of (25) shows that this substitution completely 
eliminates a,, and all terms involving a, in the general formula disappear. 

13. Heretofore we have considered the formula (22) as arranged according 
to the derivatives of the function. For some purposes an arrangement accord- 
ing to the powers of the variable is to be preferred. 

Thus, 

a ‘ 
fe =C, +({— 1) (38) 
wherein C, is the determinant obtained by deleting the first row and (7 + 2)th 
column in (22). 


| 
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We have 
1 2 
1, 
i, & 


= fa, — py, + po + (— 1)" 
These coefficients are connected by the recurrence formula 


2 | 1 3 +1 


Again, 
— f'a,+ | a,| fa, | fa, + | 4,454,454; | 
1, @ 1, 
& 
We may therefore write 


and, generally, 
(—10,% 
r! 0 


We observe that, 


Ch = (— 
The series may then be written 


Where as before SI is the operator which turns C, into fr. If we ex- 
amine the form of C, closely, we observe that it is neither more nor less than 
the value of 7 determined from determinant (22), in which we put 2 = 0, or 


Therefore SI changes (0) into fr, and is again consistently the operator 


of enlargement. In the same way we are led through the operator to believe 


that 
C= 


and, on examination, we find this to be true. 


| 
| 
| 
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The symbolic operator, therefore, leads us to the result 


i=n grt 
fe=¥ T FO) + (39) 
The form of this, which may be regarded as a generalized form of Mac- 
laurin’s theorem, may be written 


+1 


in which #’(0) means that the determinant (22) is to be differentiated 7 times 
with respect to 7, and then put equal to zero, and from the result 7''(0) is to 
be obtained, which is written in bold-faced type in order to distinguish it from 
the ordinary meaning of 7’(0). Or simply, 7'(0) is the 7th derivative of the 
right hand member of (23), in which after differentiation 7 is put equal to 
zero. We see now that we might have written down Maclaurin’s formula at 
once, and interpreted the coefficients from (23); but in doing so, we should 
have anticipated that result, and missed a beautiful verification of the preced- 
ing work. The result (40) enables us, then, to immediately arrange any series 
which has been obtained by (25) according to the powers of . 

14. Instead of writing out A, according to its last column, as [ preferred 
to do in (25), we may write it out according to x; thus, 


r— / r 


— ¥(— 1PM," 


where 

(r—p)! 

a 
—p—1)! 
(— 1) Bia m' ’ 


mal 


which may be expressed as the recurrence formula 


r—p 
ay 


M,, = My, — apn Myo +... +(—1)7?*! 


| 
| 
| 
| 
| 
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If all of the as be equal to a, it is easy now to show, by induction, that 


Or otherwise, it may be easily shown* that J/, is the coefficient of 2’-” in the 
expansion of ¢”. Whence 


+ 


which sustains the result reached in (36). 


15. Let us stop here, for the present, the further analysis of the general 
formula, in order to notice a few of the special forms which flow from the 
general form through suppositions regarding the arbitrary constants. 

1) As the simplest possible case, let a, = a, = a, 

The formula then becomes, in virtue of (36), 


=... =2¢@, 


fe = FO) + FO) + 


(41) 
Maclaurin’s formula, in which (0 < wv < 2). 
int 4, =< 46, 
We have again in virtue of (36), 
2 
Je = fa + (@ —a) fra + frat... 
n n+l 
(42) 
Taylor’s formula, in which (@ << < 2). 
3S) Tet 0, and 4, = = 
Then in virtue of § 12, we have 
n ant n+1 
Se = (0) + (w), (43) 


John Bernouilli’s formula ; (0 <6 < @). 


4) Let —a=h,a =a, and a, =—a,=a,=...=a+ th. 


*See a note by Dr. Franklin in the American Journal of Math. Vol. VI, No. 3. 7 
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